A finite temperature and density effect of Wilson loop elements on non-simply connected space is investigated in the model suggested by Hosotani. Using one-loop calculations it is shown that the value of an "order parameter" does not shift as the temperature grows. We find that finite density effect is of much importance for restoration of symmetry.
Introduction
For the unification of interactions between elementary particles there has been a renewed interest in higher-dimensional theories. In particular recent development of superstring theories [1] attracts much attention of many particle physicists. The development has been prompted by the discovery of anomaly-free nature of the Green-Schwartz string theory [2] . Soon heterotic string was constructed by Gross et al. [3] ; that is the string theory with gauge symmetry group E 8 × E 8 or O(32)/Z 2 . The gauge group E 8 × E 8 is sufficient for incorporating the observed fundamental gauge interactions. Thus many string phenomenologists investigate the so-called "superstring-inspired models" [4] and there has been detailed discussion on them.
Contrary to the "pure" Kaluza-Klein concept [5] , the gauge symmetry must be broken, rather than be generated, to the one favored phenomenologically when extra dimensions are compactified. Symmetry breaking is expected to be caused by Wilson loop elements on non-simply connected internal space in consistent with supersymmetry [6, 7] ; incidentally non-simply connected space is required to reduce the number of fermion families [6] .
Somewhat similar mechanisms have been used previously by Hosotani [8] and Toms [9] . Recently Midorikawa and Tomiya [10] have shown the detailed implication of the symmetry breaking mechanism at "classical" level. In the models considered by the above authors, a constant vacuum gauge field is allowed on the multiply-connected space; the vacuum expectation value of the gauge field configuration plays the role of an "order parameter". Moreover Hosotani has considered a simple model to show that one-loop vacuum effect determines the order parameter [8] . Evans and Ovrut have calculated the vacuum energy splitting of gauge field vacua on various multiply connected manifolds [11] .
Apart from string theories, an interesting unified model with SU (5) symmetry using Hosotani's mechanism was suggested by Svetovoǐ and Khariton [12] , which naturally explained the existence of light Higgs doublet. Although there has been no realistic model, Hosotani's mechanism may give a new aspect of symmetry breaking in the unified model with and without supersymmetry.
On the other hand, for modern cosmologists, the phase transition in the history of our universe is a very important issue [13] . In ordinary field theories including spontaneous symmetry breaking, the symmetry is expected to be restored at high temperature [14] or high density [15] . The finite temperature effect is also important for an investigation of stable compactification in Kaluza-Klein theories [16] .
In the present paper, we consider the finite temperature and density effect on symmetry breaking mechanism proposed by Hosotani. In Sect. II, we discuss Hosotani's model and the mass levels of the particles obtained by compactification. In Sect. III, we consider the effective potential at finite temperature, namely, the free energy. Finite density effect of fermions is considered in Sect. IV. Finally, Sect. V is devoted to discussion.
The Wilson Loop on S
1 and the Mass Spectrum
In this paper, we concentrate our attention to Hosotani's model in four dimensions [8] . Further, for simplicity, we treat the SU (2) gauge symmetry [10] .
First suppose that the spacetime topology is M 3 × S 1 where M 3 is a three dimensional Minkowski space-time and S 1 is a circle whose circumference is L. The four dimensional coordinates are represented by (x, y), where 0 ≤ y < L.
Let us consider SU (2) gauge theory in this space-time; for the present, we take SU (2) gauge fields A µ and fundamental massless fermions ψ. S 1 is a compact and non-simply connected space, i.e., Π 1 (S 1 ) = Z. Boundary conditions on A µ and ψ are chosen definitely as follows:
At this level, symmetry breaking is not observed at all. On the multiply-connected manifold, non zero vacuum gauge configuration is permitted. In our case, we set
where the vacuum gauge field has been diagonalized by using the freedom of gauge transformations and g is the gauge coupling constant. If we just consider non-singular gauge transformation, gLA y is inequivalent to the trivial vacuum gauge field gLA y = 0 unless gLA y = 2πnτ 3 (n: integer). We can only restrict 0 ≤ φ < 4π by gauge transformations. The value of a Wilson loop element is:
where the closed path γ winds around S 1 n times. Note that U is regarded as an element of the additive group Z (= Π 1 (S 1 )). On a general multiply-connected manifold U = 1 necessarily; moreover, on certain manifolds, U is taken to be an element of a finite group, then we can tell the symmetry breaking pattern by classification of U . Now in our model, in view of the three-dimensional flat space, one finds ladders of the discrete mass levels of infinite number of fields by Fourier expansions in terms of y; those masses are:
which come from the expansion of gauge fields
which come from the expansion of A 3 µ and
which come from the expansion of fermions. In general, φ lifts the mass level; this effect reduces the number of the massless fields in three dimension within the Kaluza-Klein point of view. In the next section, we will see how the value of φ is determined by one-loop quantum effect.
One-Loop Quantum Effect and Finite Temperature
In order to calculate the one-loop effective potential for the model, we use a covariant derivative with constant gauge fields. For instance, one finds the expression of the effective potential for fundamental fermion fields:
where
N F is the number of the fermion fields which belong to a fundamental representation of SU (2). Of course, we also take care of the compactness of S 1 in the calculation. Thus, the effective potential for the system under consideration is given by [8] :
where 0 ≤ φ < 4π. The first term comes from the contribution of SU (2) gauge fields and the other from fermions. As Hosotani [8] has pointed out, an absolute minimum of V ef f depends on δ; that is
and
When |δ| < π/2, though the gauge symmetry is not broken, the fermion masses in three dimensions become
Even if one imposes δ = 0, the result yields the antiperiodic boundary condition i.e. there is no massless fermion in the three dimensions. We can interpret this result as the breakdown of a Z 2 symmetry [17] . In the model of this type for SU (N ), the breakdown of a Z N symmetry may occur by introducing fermions.
Hosotani [8] also pointed out that symmetry breakdown from SU (2) to U (1) may take a place with putting scalar bosons of fundamental representation into the system. From now on, when we say "symmetry" it means those of Z N as well as SU (N ). Detailed issues, such as the connection between gauge transformations and the boundary condition on gauge fields, cannot be treated here. One finds an extensive discussions in [8, 9, 10] . Now, we shall consider the finite temperature effect. In the one-loop approximation, we perform a calculation of "free energy" at temperature T = β −1 similarly to the derivation of the zero-temperature effective potential; only one difference is that we must impose boundary conditions on fields with respect to the Euclidean time coordinate τ (0 ≤ τ < β), i.e., periodic for bosons and antiperiodic for fermions [14] . It is well known that these conditions lead naive particle statistics.
At carrying out the calculation, the regularization is needed as we used in the zero-temperature case; here, we simply drop the divergence independent of φ. Consequently, the free energy Ω is obtained as follows:
where V is the two dimensional volume of the system. At a glance, one finds a peculiarity of the symmetry breaking mechanism; the expression for the free energy of the system consists of the trigonometrical functions. It is expected that possible extrema of the free energy locate at the peculiar values of φ (i.e., 0, π, 2π etc.) since the coefficient of the "highfrequency-wave" functions are well suppressed by a factor ∼ ℓ −D or n −D , where D is the total dimensions of the space-time.
Now we consider the high temperature limit (β/L → 0). Using asymptotic forms of the following numerical series,
we can approximate the free energy (13) at β/L ≪ 1:
Accordingly, we observe that the φ-dependent part of the free energy (while the rest is pure radiation) which comes from gauge fields becomes dominant in the high temperature limit; it has degenerate minima at φ = 0 and 2π.
Though the fermionic contribution becomes much suppressed at high temperature, a careful evaluation reveals that the location of the minima is not changed from the values at zero temperature; at high temperature the contribution from "high frequency" trigonometrical functions are exponentially suppressed.
After all, it is found that there is no change of symmetry pattern, i.e., symmetry restoration or breakdown (of Z 2 ) in this system does not occur by raising temperature.
If one wants to make a system whose symmetry depends on temperature, we must manage the combination of bosons and fermions with various representations in general gauge theories. For example, we suppose an SU (2) gauge theory with N F fermions and N S scalar bosons which are both in fundamental representation. Further, if we impose δ ∼ π/2 as boundary conditions on both fields and set N S = 2N F ≫ 1, one finds the gauge symmetry breaking by raising temperature of the system.
To summarize, the extrema of the free energy, or effective potential in terms of φ is almost insensitive to finite temperature effect. To make the model whose symmetry pattern depends on temperature, we must make use of the difference of statistics between bosons and fermions. These properties are held in models with Hosotani's mechanism.
Effect of Finite Density and the Degenerate Fermions
In this section, we investigate a finite density effect on the Hosotani's model which has been treated previously. For this purpose, we employ the chemical potential for fermions; at the same time, the free energy is extended to the "thermodynamic potential". A prescription of deriving the expression for the thermodynamic potential at one-loop level is already written down [18] ; in a course of the calculation the covariant derivative need to be modified as
Thus we only carry out the usual one-loop calculation as there is a constant but imaginary U (1) gauge potential in zeroth component. It is interesting to find a similarity in the one-loop calculation for compact space and the periodic time direction. Finite density effect on various symmetry breakdown mechanisms have been studied extensively [15] . In the Kaluza-Klein context, the thermodynamic potential with µ = 0 was discussed by the present author [19] .
The calculation technique is parallel to the one used in [19] . The expression is given in Appendix. Here, we consider the strongly degenerate fermi gas, i.e., in the situation of µ = 0 and T → 0. For simplicity, we shall give the expression for the thermodynamic potential of fermions in fundamental representation of SU (2) with periodic boundary condition (δ = 0) on S 1 . Within the Kaluza-Klein point of view, it is interesting to study the case that µ is less than, or at most nearly equals to 2π/L. Accordingly, we only consider the case that 0 < µL < π here.
The thermodynamic potential, or the effective potential of φ with µ = 0, is given by:
An absolute minimum of Ω is given by φ/2 = π for µL < 2 −1/3 π and φ/2 = 0 for 2 −1/3 π < L < π. For µL = 2 −1/3 π these two minima are degenerate. One can find that the non-zero density of fermion may restore the symmetry. It is remarkable that finite density effect is much important for symmetry breaking while finite temperature has almost no effect on it.
In the region µL > π, for sufficient large µL (> 1.9π) the point φ/2 = π becomes an absolute minimum again; moreover, for µL > 2π, new minima whose locations depend on (µL) even appear. Furthermore, in the region µL ≫ 2π, finding of the vacuum requires rather complicated investigations.
The analysis of symmetry pattern will be more complicate if we consider the model with realistic larger gauge group.
Discussion
In this paper, we calculate the one-loop effective potential at finite temperature and density, or the thermodynamic potential, for the simple model suggested by Hosotani [8] and investigate its symmetry breaking pattern. It turns out that the degenerate fermions have much influence on the symmetry breaking through the thermodynamic potential, while the finite temperature only gives the correction which has almost the same shape as the effective potential at T = 0.
Therefore, we should look for the evidence of the compact dimensions inside the cold fermion star as well as near the black holes [20] ! Actually, however, only "theoretical" searches can be done for simple models, one of which is examined in this paper. In order to use the Hosotani's mechanism in unified theories, we must correctly of course take into account the gravitational effects and, realistic gauge group and compact manifold. S 1 , the multiply-connected space, is a rather exceptional one. In the context of compactified string models, the manifold M written as M = K/H where K is a simply-connected manifold and H is a finite group is often considered; then Π 1 (K/H) = H. In this case, a Wilson loop can be regarded as an element of a finite group H, while Π 1 (S 1 ) = Z is an infinite group. One-loop vacuum energy has been calculated by Evans and Ovrut [11] for some simple cases such as
The method of the calculation is fairly different from the one for the model in the present paper, because symmetry of the finite group restricts the eigenmode on M . It is also important to consider the finite temperature and density effect on such models. Because the temperature and/or density may break the supersymmetry, it is of interest to study a model with various particle content.
On the other hand, the presence of gauge fields implies the existence of conserved quantities in the system. Moreover, the asymptotic-free nature of non-Abelian gauge theory imposes the "colorlessness" of the system. The effect have been considered in the investigation of the "quark-gluon plasma" [21] . The colorless partition function can be obtained by averaging the naive partition function in terms of the zeroth component of the vacuum gauge fields; i.e., the covariant derivative D 0 = ∂ 0 − iA 0 is employed to derive the one-loop result. It is naturally expected that the global color confinement and the non-trivial Wilson loop element on multiply-conected space are influenced by each other as is in the case of µ = 0.
Imposing the color singlet condition may be of great relevance not only to the dynamics in the very early universe as is pointed out in [22] but also the Kaluza-Klein cosmology, on account of shrinking extra dimensions.
However, since matter fields play both roles to break the symmetry and to spoil the confinement, the matter content of the theory must be specified within certain extent for a detailed analysis. Therefore we have left the discussion on the effect of the "colorlessness" condition with the symmetry breaking by Wilson loops until more realistic models appear.
After dropping the divergence which is independent of φ, it becomes:
(Here, we used some identities which can be found in [19] .) In order to find the expression in the case of T → 0 (β → ∞), we use an integral representation of the modified Bessel function:
Using this, we can perform the summation over n to obtain: 
is recognized, and at the same time an infinite series becomes a finite sum over ℓ. Soon we can find the expressions (18, 19, 20) in the text when d = 2, 0 < µL < π.
